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1. Introduction
Let f (x, y) ∈ Z[x, y] be a polynomial in two variables. It has been of perennial interest to characterize a prime p to be
represented by f (x, y). It follows from congruences that an odd prime p cannot be of the form x2+y2 unless p ≡ 1 (mod 4);
see [3] for general results on quadratic polynomial x2 +my2. However, when the degree of f (x, y) goes higher, the problem
becomes very difficult. To our best knowledge, only two polynomials in two variables which are of degree higher than 2
have been proved to represent infinitely many primes (see [4,6]). For example, we do not knowwhether there are infinitely
many primes of the form x4 + y4.
In this paper, we show that for any prime p ≡ 1 (mod 8), there exists an integer n depending on p, and integers ai, bi, ci,
di, 1 6 i 6 n, such that
p =
n
i=1
ai4 + bi4
ci4 + di4 .
As an application of this result, we obtain that G8(Q),G4(Q),G2(Q) generate 8(K2Q), the subgroup of K2Q consisting of all
elements of order dividing 8. Here for any positive integer n, Gn(Q) = {{a,Φn(a)}| a ∈ Q∗} andΦn(x) is the nth cyclotomic
polynomial. This gives the second example in which one can give a generating set for n(K2Q) (except for the trivial cases
n = 1, 2, 3, 4, 6,wherewe haveGn(Q) =n(K2Q)). The first onewas given by Lenstra [7] in 1981where n = 5.An alternative
proof for Lenstra’s result was given by Xu [18].
2. Expressions for primes p ≡ 1 (mod 8) and p ≡ 1 (mod 5)
The following lemma is an easy result from elementary number theory.
Lemma 2.1. Suppose that p is an odd prime and α, β are positive real numbers satisfying α+ β = 1. Then for any given integer
a with 1 6 a 6 p− 1, there exist integers u, v with |u| 6 pα , |v| 6 pβ , such that au ≡ v(mod p).
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Proof. We put S = {au + v|0 6 u 6 [pα], 0 6 v 6 [pβ ]}. Then there are more than p pairs (u, v). Therefore there exist
0 6 ui 6 [pα], vj 6 [pβ ] (i, j = 1, 2) with u1 ≠ u2 such that au1 + v1 ≡ au2 + v2 (mod p). Then u = u1 − u2, v = v2 − v1
are what we need. 
Consider the following curves in R2:
C1 : x4 + y4 = 1,
C2 : x4 + y4 = 2,
C3 : x2 + y2 = 1.
Lemma 2.2. Let P = (a, b) be a point lying between two curves C1 and C2. Then the line L : ay− bx = 1 intersects with C1 and
C2 at four points (counting multiplicity) A = (x1, y1), B = (x2, y2), C = (x3, y3), D = (x4, y4)with x1 < x2 ≤ x3 < x4. Then we
have x3 − x1 > |a| and x4 − x2 > |a|.
We shall prove the following stronger statement.
Lemma 2.3. If P = (a, b) is a point lying between two curves C1 and C2, then the line L : ay− bx = 1 intersects with C3 and C2
at four points (counting multiplicity) A = (x1, y1), B = (x2, y2), C = (x3, y3), D = (x4, y4) with x1 < x2 ≤ x3 < x4. Then we
have x3 − x1 > |a| and x4 − x2 > |a|.
Proof. Without loss of generality, we may assume b > a > 0. It is easy to see that L intersects with C3 at two points:
−b± a√a2 + b2 − 1
a2 + b2 ,
a± b√a2 + b2 − 1
a2 + b2

.
If the point (a+ −b−a
√
a2+b2−1
a2+b2 , b+ a−b
√
a2+b2−1
a2+b2 ) lies inside C2, i.e.,
a+ −b− a
√
a2 + b2 − 1
a2 + b2
4
+

b+ a− b
√
a2 + b2 − 1
a2 + b2
4
6 2, (1)
then our statement holds.
Note that
a+ −b− a
√
a2 + b2 − 1
a2 + b2
2
+

b+ a− b
√
a2 + b2 − 1
a2 + b2
2
6
√
2 (2)
implies (1).
A computation shows that
a+ −b− a
√
a2 + b2 − 1
a2 + b2
2
+

b+ a− b
√
a2 + b2 − 1
a2 + b2
2
= a2 + b2 + 1− 2

a2 + b2 − 1.
So (2) holds if and only if
a2 + b2 + 1− 2

a2 + b2 − 1 6 √2,
which is equivalent to
a2 + b2 > (1−
√
2− 1)2 + 1 = 1.127 · · · .
Therefore we assume a2 + b2 < 1.128 from now on.
Set θ = a2 + b2 −√a2 + b2 − 1. Then 0.7 < θ 6 1.We can rewrite (1) as
aθ − b
a2 + b2
4
+

bθ + a
a2 + b2
4
6 2.
There are two cases to be considered, namely, Case A: b > 1 and Case B: b 6 1.
Case (A)
Consider the following function viewed as a function of b:
f (b) = a2 + b2 − (bθ + a).
Clearly f ′(b) = 2b− θ − bθ ′. We have
θ ′(b) = 2b− b√
a2 + b2 − 1 < 0,
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since 0 < a2 + b2 < 1.128. Hence f ′(b) > 0, and so f (b)monotonically increases. However,
f (1) = 1+ a2 − (1+ a2 − a+ a) = 0.
Hence we get f (b) > 0, i.e.,
bθ + a
a2 + b2 6 1.
On the other hand,
0 <
b− aθ
a2 + b2 <
b
a2 + b2 < 1.
Hence
aθ − b
a2 + b2
4
+

bθ + a
a2 + b2
4
6 2.
Case (B)
(B1) We have two estimates of θ (0 < a < 1):
θ = a2 + b2 −√a2 + b2 − 1
> a2 + (1− a4) 12 − a
> −a4 + a2 − a+ 1.
θ 6 a2 + 1− (a2 + (1− a4) 12 − 1) 12
6 a2 + 1− (a2 + 1− a4 − 1) 12
= a2 + 1− a(1− a2) 12
6 a2 + 1− a(1− a2)
= a3 + a2 − a+ 1.
(3)
(B2) We may assume that a < 0.43.
In fact, by our assumptions, b > a and a2 + b2 < 1.128, hence
a <

a2 + b2
2
< 0.751 · · · .
It follows that
a4 + b4 < (1.128− a2)2 + a4 < 1
if a ≥ 0.43. This contradicts our assumption that a4 + b4 > 1.
(B3) Set
x = bθ + a
a2 + b2 − 1, y = 1−
b− aθ
a2 + b2 .
(B3.1) If y > 0.15, then (1) holds.
By (B1),
bθ + a− 1.1(a2 + b2) 6 a2 + 1− a+ a3 + a− 1.1a2 − 1.1(1− a4)
= 1.1a4 + a3 − 0.1a2 − 0.1.
The polynomial 1.1a4 + a3 − 0.1a2 − 0.1 has two real roots:−1.068 · · ·, 0.431 · · · .
Since 0 < a < 0.43, we see that bθ + a− 1.1(a2 + b2) 6 0, i.e., bθ+a
a2+b2 6 1.1. Therefore,
aθ − b
a2 + b2
4
+

bθ + a
a2 + b2
4
= (1+ x)4 + (1− y)4
6 1.14 + 0.854 < 2.
(B3.2) If y < 0.18, then (1) holds.
First, for 0 < a < 0.43, we have
x 6
16
25
y.
Indeed, one can verify easily that x 6 1625y is equivalent to
41a2 − 25a+ 16aθ + 41b2 − 16b− 25bθ > 0. (4)
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By (3),
41a2 − 25a+ 16aθ + 41b2 − 16b− 25bθ
> 41a2 − 25a+ 16a(a2 + 1− a4 − a)+ 41(1− a4)− 16− 25(1− a+ a2 + a3)
= −16a5 − 41a4 − 9a3 + 16a.
The polynomial f (a) = −16a5 − 41a4 − 9a3 + 16a has three real roots: −2.4 · · · , 0, 0.625 · · ·, and for a ∈ (0, 0.625 · · ·),
f (a) > 0. Since 0 < a < 0.43 < 0.625 · · ·, (4) follows.
Moreover, we see that
aθ − b
a2 + b2
4
+

bθ + a
a2 + b2
4
= (1+ x)4 + (1− y)4 ≤

1+ 16
25
y
4
+ (1− y)4.
Observe that the polynomial
1+ 16
25
y
4
+ (1− y)4 − 2
has two real roots: 0, 0.18 . . . . Hence if y < 0.18, then
1+ 16
25
y
4
+ (1− y)4 ≤ 2.
This completes the proof of our lemma. 
Theorem 2.4. Let p be a prime. Assume that p ≡ 1 (mod 8) or p = 2. Then there exists an integer n depending on p, and integers
ai, bi, ci, di, 1 ≤ i ≤ n, such that
p =
n
i=1
ai4 + bi4
ci4 + di4 .
Moreover, all prime factors that appear on the right hand are not greater than p.
Proof. It is trivial for p = 2(= 14 + 14) and p = 17(= 14 + 24).We now assume that p ≡ 1 (mod 8) is a prime and that
for any prime l ≡ 1 (mod 8)with l < p, l has the expression as Theorem 2.4 predicts.
Let g ∈ Z be a solution of the congruence g4 + 1 ≡ 0 (mod p). By Lemma 2.1, there exist integers u, v with (u, v) = 1
and 1 6 |u|, |v| 6 √p such that g ≡ u/v (mod p). Hence u4 + v4 = pq for some integer q < 2p.
If both of u and v are odd, then u4 + v4 = 2p( q2 ), where any odd prime factor l of q2 satisfies l < p and l ≡ 1 (mod 8), so
we are done by induction.
We are left to consider the case where u and v have different parities and q is a prime such that p < q < 2p.
Put a0 = u, b0 = v. Then the integral solutions of
a0Y − b0X = p (5)
can be written as
X = X0 + ta0,
Y = Y0 + tb0, (6)
where (X0, Y0) is a fixed integral solution of (5).
Set
a = a0√
p
, b = b0√
p
;
x = X√
p
, y = Y√
p
.
Then (5) reads as
ay− bx = 1.
The line ay− bx = 1 intersects with C1 : x4+ y4 = 1 and C2 : x4+ y4 = 2 at four points, say A = (x1, y1), B = (x2, y2), C =
(x3, y3),D = (x4, y4)with x1 < x2 < x3 < x4.
Applying Lemma 2.2, we have
x3 − x1 > a, x4 − x2 > a,
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i.e., X3 − X1 > a0, X4 − X2 > a0, where Xi = √p · xi (1 ≤ i ≤ 4). This implies that there exist two integral points
(X ′1, Y
′
1), (X
′
2, Y
′
2) in the line: a0Y−b0X = pwhich are insideX4+Y 4 = 2p2. If one of them, say, (X ′1, Y ′1), is insideX4+Y 4 = p2,
then X
′4
1 + Y ′41 = pqwith q < p and so we are done again by induction. Now we assume that both points lie between
X4 + Y 4 = p2
and
X4 + Y 4 = 2p2.
Put ai = X ′i and bi = Y ′i for i = 1, 2. By (6), (a2, b2) − (a1, b1) = t(a0, b0) for some nonzero integer t . If t ≠ ±1, then it is
easy to see that we can choose another X ′2, Y
′
2 with the same properties but
(a2, b2)− (a1, b1) = ±(a0, b0).
Recalling that the parities of a0 and b0 are different, we see that one of the pairs (ai, bi), say (a1, b1), has the same parities.
Hence,
a14 + b14 = 2pq,
where q is a positive integer whose prime factors are all less than p. This completes the proof. 
Remark. It would be nice if there is a uniform n, which does not depend on p. However, it seems that this is not true. For
example,
22153 = 55
4 + 564
94 + 224 ·
34 + 144
14 + 104 ·
34 + 74
14 + 24 ·
14 + 04
14 + 14 .
The following result is essentially due to Lenstra; see also [18].
Theorem 2.5. Let p ≡ 1 (mod 5) be a prime or p = 5. Then there exists an integer n depending on p, and integers ai, bi, ci, di,
1 ≤ i ≤ n, such that
p =
n
i=1
ai4 + ai3bi + ai2bi2 + aibi3 + bi4
ci4 + ci3di + ci2di2 + cidi3 + di4 .
Moreover, all prime factors that appear on the right hand are not greater than p.
Theorem 2.6. Let p ≡ 1 (mod 12) be a prime. Then there exists an integer n depending on p, and integers ai, bi, ci, di, 1 ≤ i ≤ n,
such that
p =
n
i=1
a4i − a2i b2i + b4i
c4i − c2i d2i + d4i
.
Moreover, all prime factors that appear on the right hand are not greater than p.
Proof. The proof is again by induction. We note that
Φ12(x, y) = x4 − x2y2 + y4
and 13 = Φ12(2, 1).
Let g ∈ Z be a solution of the congruence Φ12(x) ≡ 0 (mod p). By Lemma 2.1, there exist integers u, v with (u, v) = 1
and 1 6 |u|, |v| 6 √p such that g ≡ u/v (mod p). It is easy to verify that
0 ≤ u4 − u2v2 + v4 ≤ max(u4, v4).
Hence, u4 − u2v2 + v4 = pq for some integer q < p and the result follows. 
Suppose ζn is a primitive n-th root of unity. Write F = Q(ζn).
LetΠn be themultiplicative group generated by all primes π |p in Z[ζn], where p runs over all rational primes, which split
completely or totally ramify in F , i.e.,
Πn = ⟨π |NF/Q (π) = p runs over all rational primes, which split completely or totally ramify in F⟩.
LetΣn be the multiplicative group generated by all algebraic numbers of the form a− bζn, together with all conjugates
of such numbers, where a, b coprime run over the ring of rational integers. For example,
Σ8 = ⟨a− bζ8, c − dζ 38 , e− f ζ 58 , g − hζ 78 | a, b, c, d, e, f , g, h ∈ Z, with (a, b) = (c, d) = (e, f ) = (g, h) = 1⟩.
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Theorem 2.7. For n = 5, 8, 12, we have
Πn = Σn.
Proof. LetUn and Cn be the group of units and the group of cyclotomic units ofQ(ζn), respectively. It is obvious that Cn ⊆ Σn.
For n = 5, 8, it is easy to see that Un = Cn (see [17] Theorem 2.12, Corollary 4.13 and Theorem 8.2). By a general result
due to Sinnott [13], we have [U+12 : C+12] = 1, where U+12 and C+12 are the cyclotomic units and the all units of Q(ζ12)+. A
computation shows that (1+ ζ12)2 = ζ12 · (2−
√
3), hence U12 = ⟨1+ ζ12⟩C12 since [U12 : ⟨ζ12⟩U+12] = 2.
Therefore, for n = 5, 8, 12, Un ⊆ Σn.
We now proveΠn = Σn for the case n = 8. The proof for other cases is similar.
Note that if both a, b are non-zero integers with (a, b) = 1, then for any prime factor of NF/Q(a − bζ8) = a4 + b4, we
have p = 2 or p ≡ 1 (mod 8). Hence
Σ8 ⊆ Π8.
On the other hand, assume that π | p is a prime in Z[ζ8], where p = 2 or p ≡ 1 (mod 8). It is clear that π ∈ Σ8 if p = 2 or
p = 17. Hence we may assume that p ≡ 1 (mod 8) is a prime greater than 17. It follows from the proof of Theorem 2.4 that
there exists an integerm such that
mp = a4 + b4
with that all prime factors ofm are less than p. Factoring both sides of the above equation, we see that
ϖπ = a− bζ i8,
whereϖ | m and i ∈ {1, 3, 5, 7}. By induction, we may assumeϖ ∈ Π8 and so π ∈ Π8. 
3. Generating set for a subgroup of K2Q
It is interesting to investigate the torsion part of K2 of a field F . As a matter of fact, K2F is a torsion group if F is a global
field.
To characterize the torsion elements in K2F , we have the following celebrated theorem which was first proved by Tate
[15] for global fields and then by Suslin [14] for general fields.
Theorem 3.1. If ζn ∈ F , then every element of order n in K2F has the form {ζn, x} for some x ∈ F∗.
LetΦn(x) be the nth cyclotomic polynomial, and let Gn(F) = {{a,Φn(a) }| a,Φn(a) ∈ F∗},where F is any field. For an abelian
group H, and n ∈ N, let nH = {x ∈ H | xn = 1}. Browkin [1] proved that:
(1) for every field F and every n ∈ N, αn = 1 if α ∈ Gn(F);
(2) for every field F ≠ F2 and n = 1, 2, 3, 4 or 6, Gn(F) is a subgroup of K2(F);
(3) 3(K2Q) = G3(Q);
(4) in K2Q every element of order 4 has the form of {a, a2 + 1}v,where a ∈ Q∗ and v ∈ K2Q, v2 = 1.
Moreover, he conjectured the following.
(A): (2) does not hold for any other values of n (and all fields);
(B): (3) and (4) hold for all fields.
Urbanowicz [16] proved that (3) is true for all fields and Qin [10] proved that (4) is true, so we have (B).
Qin [11] confirmed (A) for n = 5 and 7, i.e., neither G5(Q) nor G7(Q) is a group. The same method is applied to prove
that G11(Q) is not a group; see [20]. Some other results in this direction can be found, among others, in [1,5,19]. However,
the question
Gp(Q) is not a group for prime p > 11
is still open.
In [12], Qin asked the following problem: for which n,
n(K2Q) = ⟨Gm(Q)| for allm | n⟩?
H.W. Lenstra [7] once proposed a computational proof for 5(K2Q) = ⟨G5(Q)⟩. An alternative proof has been given by
Xu [18].
Browkin pointed out that n(K2Q) = ⟨Gn(Q)⟩ does not hold for all n.
A more general question Qin asked is the following.
Problem A. For a given field F , what is the value of
gF (n) = [nK2F : ⟨Gm(F)| for allm | n⟩]?
Theorem 3.2. G8(Q) ∪ G4(Q) ∪ G2(Q) generate 8(K2Q), i.e., gQ(8) = 1.
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Proof. Recall that
K2Q
τ∼= {±1} ⊕p (Z/pZ)∗,
where the sum is over all odd primes.
The isomorphism τ = (τp) in the above is given by the following.
For any elements x, y in Q· and any odd prime p,
τp{x, y} = (−1)v(x)v(y)xv(y)y−v(x) (mod p),
where v is the discrete valuation on Q corresponding to p; see [14] for the definition of τ2.
Since G4(Q),G2(Q) generate 4(K2Q),we need only to consider the elements of order 8.
Suppose that α ∈ K2Q is an element of order 8. Then there is a finite set
P = {p1, . . . , pm}
of primes with
(τpiα)
4 ≠ 1, (τpiα)8 = 1 (i = 1, . . . ,m).
For any prime p ≡ 1 (mod 8), applying Theorem 2.4, we have integers ai, bi, ci, di, 1 ≤ i ≤ n, such that
p =
n
i=1
ai4 + bi4
ci4 + di4 .
Let
β =
n
i=1

ai
bi
,
a4i + b4i
b4i

ci
di
,
c4i + d4i
d4i

.
For any element of the form
γ =

x
y
,
x4 + y4
y4

in K2Q, where x, ywith y ≠ 0 are integers, we have
γ 4 =

x4
y4
,
x4 + y4
y4

=

−1, x
4 + y4
y4

.
It is trivial that for any odd prime l | y, τlγ = 1. Assume that l is an odd prime and e ≥ 1 an integer such that le ∥ (x4+ y4).
Then
(τlγ )
4 ≡ (−1)e (mod l).
Now the above identity for p implies that
(τlβ)
4 = 1 for l ≠ p, and (τpβ)4 ≠ 1, (τpα)8 = 1.
This together with the fact that G4(Q),G2(Q) generate 4(K2Q) implies the result. 
Let n be a positive integer and letm1 > m2 > · · · > mt > 1 be all factors of n. We use the notation PGn for the set
{α1α2 · · ·αt | αi ∈ Gmi(Q), 1 ≤ i ≤ t}.
In particular,
PG2n = {α1α2 · · ·αn | αi ∈ G2i(Q), 1 ≤ i ≤ n}.
Problem B. For what value of n is PGn a group? One may also ask the same question for an arbitrary field.
In our notation, Theorem 3.2 says that PG2n generates 8(K2Q). On the other hand, we have the following.
Theorem 3.3. Assume that n ≥ 3. Then PG2n is not a group.
Proof. It is sufficient for us to prove that PG8 is not a group. Let γ = {3/7; ,−2 · 73}. Then γ ∈ K2Q is an element of order
8. By Theorem 3.2, if PG8 is a group, then γ ∈ PG8. This implies that either
73z2 = x4 + y4 (7)
or
2 · 73z2 = x4 + y4 (8)
is solvable in Z.
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We use the method developed in [11]. Factoring 73 and 2 · 73 in Q(ζ8),we have
73 =

k∈{1,3,5,7}
(1− 2ζ8k − 2ζ82k);
2 · 73 =

k∈{1,3,5,7}
(1− ζ8k − 4ζ82k − 2ζ83k).
If (7) is solvable in Z, then
(1− 2ζ8 − 2ζ82)(a+ bζ8 + cζ82 + dζ83)2 · ε = x+ yζ k8 (9)
holds for some a, b, c, d, x, y ∈ Z, k ∈ {1, 3, 5, 7} and some unit ε in Q(ζ8). In our case we can take ε = ζ8 i(1+ ζ8 − ζ83)j
with i, j ∈ {0, 1}. Fix i, j ∈ {0, 1} and k ∈ {1, 3, 5, 7}. We solve Eq. (9) in a, b, c, d, x, y (mod 4). One can check that if
x+ y ≡ 1, 3 (mod 4), then (9) has no solution (it is easy to do so using computer). But if x, y, z ∈ Z is a nontrivial solution
of (7), it is obvious that we may assume that x+ y ≡ 1 (mod 2). Therefore (7) has no integral solution. The same argument
is applied to the Diophantine equation (8). This proves the theorem. 
Qin [11] proved that G5(Q) is not a group. Earlier than this, H.W. Lenstra obtained the following.
Theorem 3.4. G5(Q) generates 5(K2Q), i.e., gQ(5) = 1.
Proof. This is a direct consequence of Theorem 2.5; see also Xu [18]. 
Let n be an integer. We use Φn(x, y) for yϕ(n)Φn( xy ), where ϕ(n) is the degree of the n-th cyclotomic polynomial Φn(x).
In the case F = Q, Problem A can be reduced to the following.
Problem C. Let Sn be the set consisting of all primes p ≡ 1 (mod n), and let Pn be a subset of Sn : p ∈ Pn if and only if
p =

finite
Φn(ai, bi)
Φn(ci, di)
holds for some integers ai, bi, ci, di.
(i) When Pn = Sn? If ϕ(n) > 4, i.e., n ≠ 1, 2, 3, 4, 5, 6, 8, 10, 12, then Pn ≠ Sn?
(ii) What is the density of Pn in Sn?
Remark. Problem C is the generalization of the following results for a prime number p:
ϕ(n) = 1, i.e., n = 1, 2: Trivial.
ϕ(n) = 2 :
n = 3: p ≡ 1 (mod 3) or p = 3, p = a2 + ab+ b2 = Φ3(a, b);
n = 4: p ≡ 1 (mod 4), p = a2 + b2 = Φ4(a, b);
n = 6: p ≡ 1 (mod 6), p = a2 − ab+ b2 = Φ6(a, b);
ϕ(n) = 4 :
n = 5: p ≡ 1 (mod 5) or p = 5, p =
n
i=1
ai4+ai3bi+ai2bi2+aibi3+bi4
ci4+ci3di+ci2di2+cidi3+di4 =
 Φ5(a,b)
Φ5(c,d)
;
n = 8: p ≡ 1 (mod 8), p =
n
i=1
ai4+bi4
ci4+di4 =
 Φ8(a,b)
Φ8(c,d)
;
n = 10: p ≡ 1 (mod 10), p =
n
i=1
ai4−ai3bi+ai2bi2−aibi3+bi4
ci4−ci3di+ci2di2−cidi3+di4 =
 Φ10(a,b)
Φ10(c,d)
;
n = 12: p ≡ 1 (mod 12), p =
n
i=1
a4i +a2i b2i +b4i
c4i +c2i d2i +d4i
= Φ12(a,b)
Φ12(c,d)
.
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